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Abstract 

We consider free atoms and ions in R 3 interacting with the quantized 
electromagnetic field. Because of the translation invariance we consider 
the reduced hamiltonian associated with the total momentum. After in- 
troducing an ultraviolet cutoff we prove that the reduced hamiltonian for 
atoms has a ground state if the coupling constant and the total momentum 
are sufficiently small. In the case of ions an extra infrared regularization 
is needed. We also consider the case of the hydrogen atom in a constant 
magnetic field. Finally we determine the absolutely continuous spectrum 
of the reduced hamiltonian. 
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1 Introduction. 



In [8] V. Bach, J. Frohlich and M. Sigal consider atoms and molecules with fixed 
nuclei interacting with the quantized electromagnetic field. If the interaction 
between the electrons and the quantized radiation field is turned off, the atom 
or molecule is assumed to have at least one bound state. After introducing an 
ultraviolet cutoff for the quantized field, they prove that the interacting system 
has a ground state corresponding to the bottom of the energy spectrum for 
sufficiently small values of the fine structure constant. In [19] and [25], M. 
Griesemer, E. Lieb and M. Loss have been able to get rid of the smallness 
condition concerning the fine structure constant (see also [9]). 

In this paper we consider free atoms and ions in R 3 interacting with the 
quantized electromagnetic field. Because of the translation invariance in R 3 
we consider the reduced hamiltonian associated with the total momentum for 
particles and field. After introducing and ultraviolet cutoff for the quantized 
electromagnetic field we prove that the reduced hamiltonian for atoms has a 
ground state if the coupling constant of the interaction between the particles 
and the field together with the total momentum are sufficiently small. In the 
case of ions we need to introduce an infrared regularization in order to get the 
same result. The infrared regularization is not needed in the case of atoms 
because we are able to use a simple form of the Power- Zienau-Woolley trans- 
formation for a moving neutral system of charges (see [8], ([19], [20]). We also 
consider a nonrelativistic hydrogen atom interacting with a constant magnetic 
field and with a quantized electromagnetic field. Again a Power- Zienau-Woolley 
transformation applies and we prove that the reduced Hamiltonian associated 
with the total momentum has a ground state under the same conditions as 
without a constant magnetic field. This result has to be compared with [2] 
where we consider an electron in a classical magnetic field pointing along the 
X3-axis interacting with a quantized electromagnetic field. In this case we need 
an infrared regularization because of the the system is charged. 

In the case of one free particle a similar problem has been studied in [10] 
where T. Chen considers a freely propagating rclativistic spinless charged parti- 
cle interacting with the quantized electromagnetic field. The one-particle sector 
of Nelson's model has been studied first by J. Frohlich (see[14], [15]) and more 
recently by A. Pizzo (see [28], [29]) and J.S. M0ller (see [27]). 

As in [2] our proof combines the approach associated with hamiltonian which 
are invariant by translation (see[14], [28], [29], [16]) together with that concern- 
ing confined system of charges (see [9], [23], [21], [22], [24], [19], [25], [17]). 

Let us finally remark that the same result holds in the case of atoms moving 
in a waveguide and interacting with the quantized electromagnetic field in the 
wave guide (see [1]) and in the case of dressed atoms moving in a periodic 
potential (see [11]). 
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2 Definition of the model and self-adjointness. 



2.1 The Hamiltonian. 

We consider N electrons in R 3 of charge e and mass m interacting with a nucleus 
of charge Ze, mass m nc i and spin S and with photons. We suppose N > 2. The 
associated Pauli Hamiltonian in Coulomb gauge is formally given by 



N 1 2 1 

H = H NiZ = E — (Pj - eA(xj)) 2 + (pn+i + ZeA(x N+1 ) f 

+ Kci(x) ® 1 + 1 ® if ph - — E<7j • B( Xj ) + gnciT—^—S ■ B(x N+1 ) 

3 = 1 



N „ o W 2 

Ze" 1 e 2 



with 

j=i \Xj x N+1 \ ^ i<:j ^ N \x % x,\ 

Here the units are such that h = c = 1, pj = —i\7 Xj , Xj — (xj 1 ,Xj 2 ,Xj 3 ), 
<jj = (<jj 1 ,<Tj 2 ,<7j 3 )is the 3-component vector of the Pauli spin matrices for 
the jth electron. S = (<Si, S2, S3) is a 3— component vector of spin hermitian 
matrices in C d for the nucleus and g nc \ is the Lande factor of the nucleus. 

The quantized electromagnetic field is formally given by 



B ( x ) = ^ E / d " k {-I fc ! 1/2 (|| A e ^)) e- ifc -*a*(fc) 



(2.3) 
(2.4) 



where e Al (fc) are real polarization vectors satisfying e M (fc) • e^'(fc) = fc • 

e^(fc) = 0; a M (fc) and a* (A;) are the usual annihilation and creation operators 
acting in the Fock space 



•F:=®~ =0 L 2 (R 3 ,C 2 ) 



where L 2 (M 3 , C 2 )®" = C and L 2 (R 3 ,C 2 ) <81 " is the symmetric n-tensor power 
of L 2 (R 3 ,C 2 ) appropriate for Bose-Einstein statistics. The annihilation and 
creation operators obey the canonical commutation relations (a" = a* or a) 

k!,(fc),a»,(fc')]=0 et M*), <(*')] =<W<*(fc-*0 • ( 2 -5) 
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Finally the Hamiltonian for the photons in the Coulomb gauge is given by 



#ph = E / \kK(k)a^k)d 3 k . 

,, — i n J 



(2.6) 



The Hilbert space associated with Hn,z is then 

U = A N \l 2 (M. 3 , C 2 )® N ] <g> L 2 {R 3 , C d ) <g> T. 

Here An is the orthogonal projection onto the subspace of totally antisymmetric 
wave functions, as required by the Pauli principle. 

As it stands, the Hamiltonian H cannot be defined as a self-adjoint operator 
in H and we need to introduce cutoff functions, both in A(x) and in B(x), which 
will satisfy appropriate hypothesis in order to get a self-adjoint operator in H. 

This operator, still denoted by H, commutes with each component of the 

total momentum of the system denoted by P. We have P — (^Y^j^i Pj^j <8> 1 + 

1 ® dr(fc) where, for every i, dT(ki) is the second quantized operator associ- 
ated to the multiplication operator by ki in L 2 (K 3 , C 2 ). The joint spectrum of 
(Pi, P2, P3) is the real line. It turns out that H admits a decomposition over 
the joint spectrum of (Pi, P2, P3) as a direct integral : 



on 



where 



H 



H 



/ H{P) 

Jr 3 

/ H(P) 



d A p 



d 3 p 



H(P) = A 



N 



for every P e R 3 . The reduced operator H(P) will be explicitly computed and 
the aim of this article is to initiate the spectral analysis of H(P) when |P| is 
small. We now introduce the hamiltonian in H associated to (2.1). As usual we 
will consider the charge e in front of the quantized electromagnetic fields A(x) 
and B(x) as a parameter and from now on we will denote it by g. We introduce 
p(k) a cutoff function associated with an ultraviolet cutoff. We suppose that 
p(k) satisfies 

/ H77^ 3fc + / \k\\ P (k)\ 2 d 3 k< 00. (2.7) 
J\k\<i \k\ J\k\>i 



The associated quantized electromagnetic field is then given by (j = 1, 2, 3) 
1 



1 n 



+ 



( P(k) 

p(k) 



lk - x al{k) 



(2.8) 
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Bj(x,p) = ^ E j d " k (-| fc | 1/2 Mfc) (^Ae,w) e- h a;(fe) (2.9) 



- k\^p(k)[-^e,{k)) e^a^l) 



H is then the following operator: 

AT 

2m xrj 1 2m ncl 



H = E (Pj ■ ~ 9M x j,P)f + ^— — (Pw+i + ZgA(x N+1 ,p)) 2 



+ Vd(x) ® 11 ® F ph - X V O-j • + .gnclT— • B(x W+ l) 

. ZTTL nc \ 

Let Taj i n be the set of (V>n)ra>o € J 7 such that ^i>„ is in the Schwartz space 
for every n and ijj n = for all but finitely many n. Then our model is described 
by the operator H as defined on 

H , f i n = A N [CZ°(R 3 ,C 2 )® N ] ® C*5°(R 3 , C d ) ® JT 0/i „. 

The operator H is then symmetric. In order to compute the reduced hamil- 
tonian H{P) for a given value of the total momentum P we have to introduce the 
momentum of the center of mass of the electrons the nucleus and, consequently, 
the Jacobi variables for the atom. 

We set 

n = Xi+i - + x 2 H \-Xi), i = l,2,...,N (2.11) 

r N+1 = -j^ (rn(x\ + X2 H h xn) + m nc \x N+1 ^ , (2-12) 

where 

M = Nm + m nc i (2.13) 

is the total mass. 

Accordingly the corresponding canonically conjugate momentum operators 
arc defined by 



ld_ 

i drj ' 



Wj = 7aT. i = 1,2, • - • ,JV + 1 (2.14) 



with 



Set 



N+l 

X = (.Ti,a;2, • • • ,x N+1 ) (2.16) 
i?= (n,r 2 ,...,r N+1 ). (2.17) 
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We have 

X = AR 

where A is a (N + 1) x (N + 1) invertible matrix. 
Therefore we have 

Xj = {AR)j, j = l,2,. ..,N+1. 

Similarly we set 

Px = (Pl,P2, ■ • • ,PN+l) 
Pr = (^1, W2, • • • , WjV+l) 

and we have 

Px = BP R 

where B is a (N + 1) x (N + 1) invertible matrix.Notice that in fact, 
We thus get 

p j = (BP R ) j , j = l,2,...,N + l 



with 



Therefore 



N+l 

u N +i =J2pi= (B-'Px)^ 
1=1 



Aj, N+1 = B N \ l3 = 1, j = 1,2,..., N + l. 
Let M(x,p) be the following operator- valued vector 

M(xp) = {gA{x 1 ,p), . . .,gA(x N ,p), -ZgA(x N+1 , p)) 

i.e., 

M{x,p) 3 = gA{x 3 ,p), j = l,2,...,N 
M(x,p) N+ i = -ZgA(x N+1 ,p). 

Let p,i > be the reduced mass defined by 

m, i = l,2,...,N. 



i + 1 



We have 
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/Z & ~ 9 A ( X J,P)) 2 + 7^— (PN+i + ZgA(x N+1 ,p) f 



N 



= J2^-((BP R ) j -gA((AR) j ,p)f 



2m 

3 = 1 



+ -J— ((BP R ) N+1 + ZgA((AR) N+1 ,p)f (2 ' 28) 
zm nc \ 



i-([B(p K -r^w P ))] N+1 ) ; 



+ 



2m n 

Now because of the Jacobi coordinates and because, in the Schrodinger repre- 
sentation of Fock space T, A(x, p) can be treated as a classical vector potential, 
we get 



N 1 2 1 2 

E 2^ (Pi ~ 9M*j,P)f + W+i + ^(aiiv+i,p)) 2 

AT 1 2 

= E^(^- B_1 W"))j) 

+ ^(( P «- S_1 ^W^)iv + i) 2 - 



Recall 



and set 



(2.29) 



V"d(i?) = V cl (AR). (2.30) 



Note that Va(ii) does not depend on rjv+i- 

By (2.29) H is unitarily equivalent to the following operator defined on 
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'Ho, fin and still denoted by H : 

+ V cl {R) ® 1 + 1 ® tf ph ( 2 ' 31 ) 

We now want to show that -Hat^ is essentially self adjoint on Ho, fin when 
<7 and p(A;) satisfy appropriate conditions. 
Set 

bn = (B-%. (2.32) 
According to (2.24), b N +i,j = 1, j = 1, 2, . . . , N + 1. We have 

H = H + H! (2.33) 

with 

/ 2 W 2 \ 



and 



AT J / JV \ 



Z#E ~~ b j.JV+i^((^)Ar+i,p) • 

AT 

" • B((^,p) + Zg^S ■ B((AR) N+uP ) 



(2.35) 



2m f-f J " /J ' r/ "2m ncl 



+ a^f (E^)"'') ^ ZgA((AR) N+1 ,p) ] j 

n 1 / n y 

),jv+i^5-^((^-^)iv+ij P) 
j=i M \fe=i / 
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where we used e /Ji (k) ■ k = 0. 
One checks that 



sup \bij\ = 1. 

i,j:v£N+l 



(2.36) 



One easily shows that, for V e -4;v Cg°(R 3 , C 2 )®" <g> Cg°(R 3 , C d ) <g> Fojin, 



\9[ 
M 

< 



/ N \ 

^2A((AR) 1 ,p)-ljn+i il> 

\i=l / 



V2\g\N( [ IpWI 5 
ttV2M Ur3 |fc| 2 



(2.37) 



d 3 fc 11(^0-^)^11+ o(l) 



where o(l) are terms associated with operators which are relatively bounded 
with respect to Ho,n,z with a zero relative bound. 
Similarly, 



zjg\ 

M 



\\{A({AR) n+ i,p)-u>n+i)iI>\\ 



< 



u\g\z 

irV2M \Jr3 



f 

JR- 



\p(k)\' 



(2.38) 



d 3 k) \\(H -E elec )^\\+o(l). 



Here _E c icc is the infimum of the spectrum of the confining electronic part of 
Hq,n,z, i-e., of 



N 2 



.7=1 J 



In th same way we verify 



{^b jk A{{AR) k ,p)-w}j 



(2.39) 



< 



12\g\N 2 



\p(k)\ 2 



d 3 k) \\(H -E clcc )^\\+o(l), 



and 



z\g\ 



— 6j,jv+i^((>li2)iv+i,p) 'Wj U 



(2.40) 



< 



12|.g|Z7V 



"V m V^R 3 l fc l 
where we used 



^fd 3 i] ||(7/ () || +»(]). 



. r TO 

J 2 
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In (2.37), (2.38), (2.39) and (2.40) we have used the following well known 
estimates: 



and 



\an(9(-,x))i>\\ < 
\a*(g(.,x))1>\\ < 



\g(x,k)\z 3 



\k\ 



d 6 k 



1/2 



\g(x,k)\ 2 d 6 k 



1/2 



(2.41) 



Note that 



2m 



N 



^2a r B((AR)i, P ) ] V 



o(l) 



(2.42) 



Z\g\^\\(S.B((AR) N+uP ))n=o(l). 
Zm nc \ 



It remains to estimate the quadratic terms. Let us recall the following estimates 
(c.f. [3]) 



K(/)a A (/)V|| < 

+ K 

KUWU)1>\\ < 



\k\> 



d 3 k ||(i? ph + i)V|| 



/^^) 1/2 (/ipWI^^I^ph + i) 1 ^ 



+ 



|a*(/K(/W|| < 



A' 



l*l 5 



2 \ 1/2 

-d 3 k 



\p(k)\ 2 ^ 1/2 



-d 3 fc 



^(fc)! 2 ^ 3 ^ 

2 \ 1/2' 



1/2 



(JT ph + 1) 1/2 ^ 



|p(fc)r(ffc 



1/2 



2 




<2 3 fc 


f 




1/2 







(H ph + l)V=ty 



\k\\p(k)\ 2 d 3 k 



1/2 



\p(k)\ : 
\k\ 



d 3 kj HVH 

(2.43) 
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where K = ± f Q °° -^dX. 

As (-ffph + l) 5 is relatively bounded with respect to _ff p h + 1 (and thus to 
(Ho — E c icc)) wc deduce that the relative bound of the quadratic terms in A(-, p) 
of (2.35) with respect to Hq — E e \ ec is estimated by 



( ^_( N + Z f + ^(N 3 + 2ZN 2 + Z 2 ) 
mir 



\Mtt 



I 



\p(k)\ : 
\k\ 



d 3 k. 



(2.44) 



Note that Hq is essentially self adjoint on An 



Q°(R 3 ,C d ) <g> Fojin . Therefore, by (2.37), (2.38), (2.39), (2.40), (2.42) and 
(2.44), we get the following theorem from the Kato-Rellich theorem. 

Theorem 2.1. 

Assume (2.7) and 



6|S 



1 1 

+ 



+ 



{N + Z) 

/ (N + Z) 2 2(N 2 + Z) 2 
tt \ M + m 



R3 \k\ J 2 



(2.45) 



Then H is a self-adjoint operator in Ti with domain D(H) = D(H ) and H is 



essentially self-adjoint on An 



C 2 )« 



Cg°(R 3 ,C d )® T 



fin- 



2.2 The reduced Hamiltonian. 

The operator H is invariant by translation. Thus denoting by P the total 
momentum, i.e., P = ojn+i <8> 1 + 1 ® dr(/c), H admit a decomposition over the 
joint spectrum of (P\,P 2 ,Ps) as a direct integral 



on 



where 



r<±> 

H~ l H(P) 
H~ H{P) 



d 3 P 



d 3 P 



H(P) = A 



n 



C d ® T. 



To compute H(P) we proceed as in [17] and [4]. Let II be the unitary map 
fromft to L 2 (r 3 ,A n L 2 (R 3 , C 2 )®" ® C d <g> defined by 



(Tbip) n (n,r 2 , ...,r N ,P, (fei.Mi), (fc2,M2), • •• , (fc«,M«)) 
ipn n,r 2 , ■ ■ ■ ,r N , P hi, (h, m), (k 2 , M2), • • • , (k n , Hn) 



(2.46) 



i=l 
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where ip n is the partial Fourier transformation with respect to rjv+i- One 



easily verifies that, on A 



N 



C °°(K 3 ,C d )®jr 0i/ . 



nwjv+iir = P - dr(jfe) 
nsj ((^fl),,p) n* = Bj ({AR)up 



(2.47) 



where 



i2=(ri,r 2 ,...,r JV) 0). (2.48) 

We remark that (AR)k = %k — i*n+i for j = 1, . . . ,N + 1 represents the relative 
postion of the particle k with respect to the center of mass. 



Then, for V € Cg°(R s ) <g> .4^ 

(runr» (P, •) = ff(P)V(P, 
where the reduced hamiltonian H(P) is given by 
H(P) = Ho(P)+Hj(P) 

with 



C5°(R 3JV ,C 2 ® ) ® C d O ^o,/in we have 



(2.49) 
(2.50) 



N 



Ha = Y,T^ + MR) ® 1+ 



(2.51) 



and 
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= - ji E MiAR^p) ■ (P dr(fc)) 



N 



+ ^A((AR) N+1 ,p)-(P-dT(k)) 
N 1 / N \ 

- - 9 E — E ^fcA((^) fc ,p) • Wj - 

j=i ^ Vfe=i / 



N 



+ Zg^2bj, N+1 A((AR)N+i, p) -uj 



_9 

2m 



£ o-j • , P ) + Zg-^-S ■ B((AR) N+1 ,p) 



3 = 1 



2m nc i 



+ 



(j29A((AR)i,p) - ZgA{{AR) N+u p)^ 

N 1 / N \ 2 

E^T E &jfc^(Wfc, P) - &; 

j=l w \fe=l / 



For every Pel 3 , H(P) is an operator in A 



N 



(2.52) 
d ®T . We 

want to show that this operator has a self-adjoint extension under appropriate 
conditions on p(-) and g. 

The operator (P — dT(k)) 2 + H p hj is essentially self-adjoint on Tojin- 

Therefore, for every Pel 3 , Ho(P) is essentially self-adjoint on 



A 



N 



C °°( 



! <S>.Fo,/m- Ho(P) still denotes its self-adjoint extension. 



On the other hand, Hj(P) is a symmetric operator on 



Cg°( 



3 ,C 2 )« 



C d <g> To j i n and we want to prove that it is relatively 
bounded with respect to H {P). For that, by (2.39), (2.40), (2.42), (2.44), we 
only need to estimates the two first terms of the right hand side of (2.52). For 

5 C d (g> To jin, one easily shows that 



t/j e -4;v [C^°(R 3 ,C 2 )« 



M^; ^((^). )P ). ( p_dr(fc)))v 

i=l 

+ ^l( A(( ^ )N+1 ' /9) ' (jP_dr(fc)) )^ 

12|</|(7V + Z) / 1 



(2.53) 



< 



1 



'2M 



Ho{P)-E eXec )^\\+o{l) 



Therefore we get 
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Theorem 2.2. 

Assume (2.7) and (2.45). Then, for every P <G M 3 , H{P) is a self-adjoint 
operator in A N [i 2 (R 3 , C 2 )®" 1 <g> C d <g> J 7 with domain D(H(P)) = D(H (P)) 

andH(P) is essentially self-adjoint on An Qf(R 3 , C 2 )®" ®C d <g> J" ,/m- 
Furthermore we get 

Corollary 2.3. 

VFe have 



r<±> 

UHU* = / H(P) d 3 P 
The proof of Corollary 2.3 follows by mimicking [4]. 



3 Main results. 

Our main result states that, for \P\ and \g\ sufficiently small, H(P) has a ground 
state. 

But we have to distinguish the case of atoms, i.e., the case where Z = N 
from the case of positive ions, i.e., the case where N < Z. The problem is 
connected with the necessity or not of an infrared regularization of the cutoff 
function in order to prove the existence of a ground state for H. In [2] such an 
infrared regularization of the cutoff function has been introduced. But, in the 
case of atoms, we are able to use the Power-Zienau-Woolley transformation (see 
[20]) in order to get rid of any infrared regularization. 

Let h be the following self-adjoint operator in An 



(g)C d 



N u 2 _ , 

-^ + V cl (R). (3.1) 



J=1 

In order to prove theorems 3. land 3.2 below we only use the fact that inf o~(ti)is 
an isolated eigenvalue of finite multiplicity. Recalling that V C \(R) does not 
depend on rjv+i, we deduce that h is unitarily equivalent to the Zishlin's hamil- 

tonian, SjLi + Vd(%)- Therefore it is sufficient to suppose N < Z (cf. [30]). 
Notice also that, because of the independence of V c i(R) with respect to rjv+i, 
one has E e \ ec = inf a(h). 

For a bounded below self-adjoint operator T with a ground state, m(T) will 
denote the multiplicity of inf a(T). 

Our first theorem is concerned with Hn,n 

Theorem 3.1. (Atoms) 

Assume that N = Z and that the cutoff function satisfies (2.7) and (2.45) then 
there exist Po > and go > such that, for \P\ < Po and \g\ < go, H(P) has a 
ground state such that m(H(P)) < m(h). 
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The second theorem is concerned with positive ions (N < Z) 
Theorem 3.2. (Positive ions) 

Assume that N < Z and that the cutoff function satisfies (2.7) (2.45) and 



l/5(fc)|2 ^ <00 (3 . 2) 



|fc|<i \ k \ 3 

Then there exist Pq > and go > such that, for \P\ < Pq and \g\ < go, 
H{P) (with N < Z), has a ground state such that m(H(P)) < m(h). 

Remark 3.3. 

Theorem 3.1 and theorem 3.2 are still valid for any operator h associated with 
a potential V{R) such that h is essential self-adjoint on 

A N C£°(R 3 ,C 2 )® ®<C d and\nia{h) is an isolated eigenvalue of finite mul- 
tiplicity. 

The proof of these theorems is given in the next section. Notice that the 
regularization condition (3.2) does not allow p(k) = 1 near the origin. 

A consequence of the existence of a ground state is the existence of asymp- 
totic Fock representations of the CCR. 

For / e L 2 (JR 3 ,C 2 ), wc define on D(H (P)) the operators 

alt(f) :=e ltH ( p )e- ltff °( p )a» t (/)e^( p ) e -^ p ) . 

Let Q be a closed null set such that the polarization vectors e A ,(fc) are C°° on 
M 3 \ Q for pt = 1, 2. We have 

Corollary 3.4. 

Suppose that the hypothesis of theorem 3.1 (resp. theorem 3.2) are satisfied. 
Then, for f G C^°(M 3 \ Q) and for every * G D(H (P)) the strong limits of 

a\,tif) exlst: 

The at ± 's satisfy the CCR and, if $(P) is a ground state for H(P), we have 
for f e'qf(R 3 \Q) and n = 1,2 

a Ml± (/)*(P) = 0. 
We then deduce the following corollary 
Corollary 3.5. 

Under the hypothesis of theorem 3.1 (resp. theorem 3.2), the absolutely contin- 
uous spectrum of H(P) equals to [inf a(H(P)), +oo). 

The proofs of these two corollaries follow by mimicking [23, 24]. 
In what follows we mainly prove theorem 3.1. The proof of theorem 3.2 will 
then follow easily. 
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4 Proof of theorem 3.1. 



In this section we consider the case of atoms and thus N ~ Z. 

To begin with we introduce an infrared regularized cutoff in the interaction 
Hamiltonian Hj(P). Precisely, for a > 0, let p„ be a regularization of p 
such that 

(i) p a (k) = for |fc| < a 
(ii) 

We define Hi a (P) as the operator obtained from (2.52) by substituting p a {k) 
for p(k). We then introduce 

H a (P) = H (P) + H IrT (P) (4.2) 

and we set E a {P) := inf <j{H a {P)). Theorem 3.1 is a simple consequence of the 
following result (see [7]) 

Theorem 4.1. 

There exist g n > 0, er > and P > such that, for every g satisfying 
\g\ < 9o> f or every a satisfying < a < cr and for every P satisfying \P\ < P , 
the following properties hold: 

(i) For every * G D(H (P)) we have H a {P)^ -> a ^ H(P)V 

(ii) H„{P) has a normalized ground state $ CT (-P) and E a {P) is an isolated 
eigenvalue of finite multiplicity of H a (P). 

(Hi) Fix A e {E e \ ec , a ess (h)) . We have 

(*„(P), P ( ^ x] ® Po ph (P)) > 1 - <5 3 (A) (4.3) 

where S g (X) tends to zero when g tends to zero and S g (X) < 1 for \g\ < g n . 

Here o- css (h) is the essential spectrum of h. 

In the last item, -P(-oo,a] is the spectral projection on (— oo, A] associated to 
h(b, V) and Po ph is the orthogonal projection on fi p h, the vacuum state in T . 

Theorem 3.1 is easily deduced from theorem 4.1 as follows. Let <&a(P) 
be as in theorem 4.1 (ii). Since ||$ CT (P)|| = 1, there exits a sequence (er/c)fc>i 
converging to zero and such that ($ CTfc (P))k>i converges weakly to a state 3>(P). 
On the other hand, since P(-oo,\] ® -Po ph is finite rank for A e (E e \ ec , a ess (h)) , 
it follows from (hi) that for \g\ < g and |P| < Po, 

<<j>(n^ ( -co,A]®^ Ph *(p)> > i - s g (x) 

which implies $(P) 7^ 0. Then we deduce from (i) and from a well known result 
([5] lemma 4.9) that $n(P) is a ground state for H(P). 
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The result concerning the multiplicity of the ground state is an easy conse- 
quence of corollary 3.4 in [24] if go is sufficiently small. 

So it remains to prove theorem 4.1. The assertion (i) is easily verified in 
section 4.1 below. The second assertion is proved in lemma 4.8. Actually the 
proof of (ii) is lengthy but straightforward since with the infrared cutoff we 
have a control of the number of photons in term of the energy. The real difficult 
part is the third one which allows to relax the infrared cutoff. The fundamental 
lemma in the proof of (iii) is lemma 4.3 which states that, for g and P small 
enough, the difference E a (P — k) — E a (P) is minorized by — ||fc| uniformly with 
respect to a. This estimate is essential to control the number of photons in a 
ground state of H a (P) via a pull through formula (see lemma 4.5). 

4.1 Proof of (i) of theorem 4.1. 

Set p a = P — Pa- We have 
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H(P) - H a {P) = H T (P) - H Ia (P) 

■jL J2 A((AR) u p a ) ■ (P dT(fc)) + ^A((AR) N+1 ,~Pa) ■ (P dT(fc)) 

3 = 1 



N 1 ( N \ N 1 

,•=1 W \fc=l / j=l to 



Pa) ■ OJj 



J 

£ ^{{AR^rPa) + Ng^-S ■ B((AR) N+1 ,Pa) 
{j29A((AR) t ,p)-NgA((AR) N+u p) ] j ■ 

(^2 gA((AR)i,Pa) - NgA((AR) N+ i,p a )^ 
(j2 gA((AR)i,Pa) - NgA((AR)N+i, Pa^j ■ 

(^2 gA((AR)i,Pa) - NgA({AR) N+u pa) S j 

N 1 / N \ 

E Y~ wl b ik9 A {(.AR) k ,p) - b jtN+1 NgA((AR) N+1 ,p) ■ 
j=i to \ k=1 ) 

(N \ 
^2b jk gA((AR) k ,Pa) - b jtN+1 NgA((AR) N+ i, pa) 
fe=l y 

/TV N 

ij2b jk gA{{AR)k,Pa) - bj. N+1 NgA {{AR) N+ uPa) 



N 



\k=l 

/ N 



\k=l / 

(4.4) 

By (4.1) we have lim CT ^ / ^ffi^ cPk = 0, for j = -1, 1, 2. We then deduce 
from (2.39) — (2.44) , (2.53) and from the Lebesgue's theorem that, for every 
tp € D(H Q (P)), (H(P) - H a (P)) ip -» as cr tends to zero. 

4.2 Main estimates. 

In this section we give two lemmas concerning the function P i— > E a (P). 
Let gi > such that (2.45) is satisfied for \g\ < g\. 
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Lemma 4.2. 

There exist <jq G (0, 1] and a finite constant C > which does not depend on 
a G (0, (T ] such that 

p2 

Seicc - \g\C < E a {P) < E elec + — (4.5) 



for every a G (0, (To], P € K 3 and |g| < </i. 
Proo/. 

Let </3 be a normalized ground state oi h in An 
(a M (fc)f2ph,fiph) = (£!ph,a M (fc)*^ph) = we have 



L 2 (R 3 ,C 2 )« 



>C d . Since 



(H(P)tp <g> n ph , <p ® ^ P h) = (H (P)(p® O p h,(^®f2ph) 

_P2_ 

- S elec+ 2M 



and thus 



£ CT (P) := inf{(^(P)0,0) | 4> G D(H (P)), U\\ = l} 

< ^ec+^. (4.6) 

On the other hand, let H a be the following operator in An 

Ha = Hq + Hi a 

with 

Ho = h <g> 1 + 1 <g> H ph (4.7) 

and 

W 1 / N - \ 

#i<t = -ff^ ^— I ^b jk A{{AR)k, Pa) -ujj + bjkujj ■ A((AR)k,Pa) J 
fc=i ^ \fc=i / 

JV 

+ ^ — (&i,A r +i- 4 -((-4-R)Af+i,Po-) • + bj t N+iu>j ■ A((AR)n+i,P*)) 



i 2 Vj 

JV 

^ 5>i ■ + N 97^S ■ B((AR) N+ i,P*) 



3 = 1 

N 



N 1 ( N ~ X 

+ Y1 —. [Yjb jk gA({AR)k, p a ) - b jiN+1 NgA((AR) N +i, Pa) 

j=i ^ Vfc=i / 



(4.6 
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One easily checks that, for \g\ < gi , H a is a self-adjoint operator in 
L 2 (K 3JV ,C 2 )® N ®<C d ®T with domain D(H (P)). Furthermore, on D(i? (f))| 



An 

we have 

1 N 

j'=i (4.9) 

+ NgA((AR) N +uPa)) ■ 

Hence 

inf a(H a ) < E a {P) (4.10) 

for every Pel 3 . 

By (2.39) — (2.44) and (2.53) which also hold when p is replaced by p a we 
get that there exist cto G (0, 1] and two constants b > and a > which do not 
depend on a e (0, a ] and 5 e [—51,31] an d which satisfy bgi < 1 such that, 



H 



< 



\g\(b\\H <f>\\+a\\<p\\) (4.11) 



for 4> € D(H ) and for cr G (0, cr ]. 

Therefore, since inf a(H ) = E e i ec , we obtain, as a consequence of the Kato- 
Rellich theorem, 

inf ( 7(^o)>^eiec-max^ T ^|L,a| 5 |+%||i; e i ec |^ . (4.12) 
We then deduce the lower bound for E a (P) with 

C = max ^ - , a + b\E cicc \^j . 

Lemma 4.3. 

There exist < gi < g\ and Pi > such that 

E a {P-k)-E„{P)>-\\k\ (4.13) 

uniformly for k G IR 3 , a G (0, <7o], |(/| < 32 |-P| < Pi- 
Remark 4.4. 

In i/izs lemma we do not assume that E a (P) is an eigenvalue of H a (P) an d we 
will use (4.13) in Lemma 4.8 in which we prove that H a {P) has a ground state. 

Proof. 

We first remark that, if (4.13) is proved for H a (P) + C for some constant 
C, it also holds for H a {P) . Thus, in what follows, we suppose E c \ cc = 0. The 
proof decomposes in two steps. In the first one, we consider the large values of 
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|fc| (namely \k\ > ^f) while, in the second one, we consider the small values of 
|fc| (namely |fc| < f ). 

From (4.5), we deduce that, uniformly for a e (0,ct o ] and \g\ < g\, we have 
for all k and P 

E„{P - k) - E„(P) > - C\g\ 

and thus assuming \P\ < ^ and \g\ < (4.13) holds true for |fc| > f-. 

Now we suppose | A: | < As E a (P—k) belongs to the spectrum of H a {P—k) 
there exists a sequence (ipj)j>i in D(H a (P—k)) = D(H (0)) such that 1 1 V j 1 1 = 1 
and 

lim HAP - k)ij)j -E a {P- k)tpj = . 
We then have for every j 



(h„(p ~ Wi^i) = (HaiPWj^i) + ^ - A • <(P - dr(fc))^-,^) 



N 



Ng 

~ -j^k ■ {A((AR) N +l, Pa)i)j,1pj) 



_.((P-dr(fc))^,^) 



M 
N\g\ 

M 



N 



\k ■ (A((AR)n+1, P<r)lpj,1pj) 



(4.14) 



In what follow C will denote any positive constant which does not depend on 
Pet 3 , fee M 3 , \g\ <gi,a£ (0, er ] and j > 1. 
We have 



A. (( p_ d r( fc) )^,^) 



i=l 
3 

»=i 



<^+3| fc | 



fci | At | 

2~ 



^Milffo^-*)^-!! 172 ) (415) 



|fl- (P-A!)V. 



.||l/2 



On the other hand, by (2.39)-(2.44) and (2.53), one shows that there exists a 
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positive constant C > such that 



1 

M 



N 



Y,k-{A{{AR)uPa)^j^j) 



N I 

— \k- (A((AR) N +i,Pa)tpj,^j} 



(4.16) 



1) 



<C\k\( 

<C\k\(\\H (P-k)^\\ 1/2 + 1) . 
Now, given e > 0, let J be such that 

||ff ff (P-fc)^-^(P-fc)^|| <e 

for every j > J. 

Inserting (4.15) and (4.16) in (4.14) 

E a {P -k)- E a {P) > -e - ^ - 31*1^11^0^ - k)t 
-\k\C\g\(\\Ho(P-k)^\\ 1/2 + l). 



1/2 



(4.17) 



It remains to estimate \\H (P — k)tpj\\. 
From 

H (P - k)i>3 = {H a {P -k)- E a (P - k))1>j + E„{P - k)i>j - H Ia (P - ktyj 

we get for j > J 

\\H (P - k)^\\ < e + \E a (P - k)\ + \\H IrT (P - k)^\\ 

and we know that there exists a positive constant C such that 

\\H Ia {P)<l>\\<\g\C{l\H Q {P)<l>\\+\) (4.18) 

for every P £ M 3 , j > J and g e [-01, Si]. 

Thus, choosing g~\ < gi such that g~\C < 5, we get from (4.17) and (4.18) 

\\H (P - k)^\\ <2e + 2\E a (P-k)\ + 2\g\C (4.19) 

for j > J and \g\ < g\. By (4.17) and (4.19) we get 

1 6\k\ x [^(e+\E a (P-k)\ + \g\C)^ 



E„{P - k) - E a {P) > -e 



2M 



- \k\C\g\((2e + 2\E a (P -k)\ + 2\g\C) 1 ' 2 + 1) 

for every e > 0. Hence 

E a (P -k)- E a (P) > - |fc| (H + ^{\E a (P k)\ + \g\C)i 
+ C\g\ ((2 + 2\E a {P -k)\ + 2\g\C)i + 1)) 



(4.20) 
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for every P G K 3 and k E M 3 . From (4.5) we get for |fc| < f, 

\^P-k)\<C\g\ + ^ + ^ + ^. (4.21) 

One then easily shows that there exit Pi > and g 2 < §i such that for \P\ < P 2 , 
\k\ < f and \g\ < g 2 , 

E a (P - k) - E a {P) > ~\k\ . 

□ 



4.3 Proof of (Hi) of theorem 4.1 

In this section we assume that assertion (ii) of theorem 4.1 is already proved 
(see lemma 4.8). Thus let <b a (P) denote a normalized ground state of H a (P), 
i.e. 

H a (P)$ a (P) = E a (P)$ a (P) . 

The main problem in proving (Hi) of theorem 4.1 is to control the number of 
photons in the ground state &a(P) uniformly with respect to a. The operator 
number of photons iV p h is given by 



(k). 



Note that 



We there have the following lemma 



Lemma 4.5. 

There exists a constant C > independent of g and a such that 
IK(fc)<MP)|| < C\g\\p a {k)\ (\k\$ + -^j ||(1 + |fl| 2 )*.(P) 
/or every er e (0, ao], |g| < g 2 and \P\ < P 2 . Thus 

|(1® JVj/^^P)! < 4C| ff | Qf^ | Pff (fc)| 2 (-L + |fc|) o?k 

\(1 + \R\ 2 )MP) 

where \R\ 2 is the Euclidian norm of R. 



1/2 



(4.22) 



(4.23) 
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Proof. 

We use the gauge transformation introduced in [8] and [19]. This trans- 
formation is a particular case of the Power- Zienau-Woolley transformation (see 
[12], [20]). Set 

A(X, p a ) = A(X, p a ) - A(0, pa) 



and 

We have 
with 



w, 



JJ = e -i9Ef=i'-i-(E ! =i^-JV6 j , w+1 )A(0, ( 9 <T )_ 

Ua^k)U* = b„{k) = a^k) + iw^k, R) 

.(*. *) - £^ e ^ ■ E (e 6 ^ - iV6 ^+ i ) 



(4.24) 
(4.25) 



In order to estimate a M (fe)$ CT (P) we write 

a„(fc)*a (P) = U*a^k)$a(P) - iw^k, R)$a(P) 

where 



$ ff (P) = t/$ CT (P). 



In order to estimate 



We have 



a^k)<i>a(P) 



we use the pull through formula. We set 



H a (P) = UH a (P)U\ 



V«(P) = 2^ (p-arW-gJ^A^ARhpJ) +gNA((AR) N+1 ,Pafj 

N / N \ 2 

((AR) AT+1 ? Per I J 

j = l W \ 7=1 / 

+ ^ f d 3 k\k\b^kyb^k) + V cl {R)®l 

iV 

_ 2m E CT J ' 5 ■' ^) + 5ncl 2mf^ 5 ' 5 (C^W Ar) ■ 



In the first term of the r.h.s. of (4.26) we have used 



N 



-gJ2A(0,Pa)+gNA {0,Pa) = 0. 



(4.26) 



(4.27) 



i=l 



This is only possible for atoms, i.e., when N = Z. 
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We have 

HAP - k)aJk)$AP) = aJk)H a (P)®AP) - \k\aJk)^(P) + Vjk)^(P) 

(4.28) 

with 

v„m = ->^i*i»o,(*) Urn ■ it [it *•>' - ^ 



N 



1 / w 

- p-fc-dr(fc)- 5 ]Ti(^,p CT ) 



f fjfeV J_x 



^ ~~ X^5^(^)P<r) +gNA {x N+1 ,p a )j 

N \ 

2 & iJ ( e ~ tk '* 1 - l ) - Nb i,N+i (e-*^ 1 - 1) 



1=1 

N 



V ^_Mfc} (k)-—X 



+ Snci — S • |fc|*p„(fc) ( ^ A e M (fc) ) e -*^ +1 , 



(4.29) 



2m 

3 = 1 



m nc i V|fc| 

where, in order to simplify the notations, we have set 

x k = (AR)k =Xk- r N+ i 

(the last equality is a consequence of (2.24) and shows that x k represents the 
relative position of the particule k with respect to the center of mass). 
Thus, from (4.28), we get 

(H a {P - A;) - E a (P) + \k\) a„(fc)$ ff - VAk)$„. (4.30) 
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Therefore 



where 



a„(fc)*a = R (E a (P -k)- E a {P) + \k\) ^(fc)$ CT 



R (A) = (H a (P -k)- E a (P -k) + X)' 1 



(4.31) 
(4.32) 



In order to estimate 



a Al (fc)$ CT 



we have to estimate each term of 



R(E a (P — k) — E a {P) + \k\) V^(fc)$ CT . The main terms are those associated 
with the third and the fourth ones of the r.h.s. of (4.29) 
Set 



^ (^P ~ k - dT{k) - gJ2A(xi, p a ) + gNA(x N+1 , . 



(4.33) 



Remark that T M (fc) and R are symmetric operator and that T M (fc)i?(l) is 
bounded. Thus we write 

R {E a {P - k) - E a {P) + |fc|) 9 ~ P -^T,{k) 

N 

^ (p-ik-Xj _ e -ik-x N + 1 -j J ^ 

, sup \A\P^\.\( T ^ k)R{ErT {P-k)-E rj {P) + \k\)^ 



\\ v w<i * w 



N 



< \\T^(k)R{E a {P - k) - E a (P) + 



(4.34) 



7T 



AT 



T M (fc) is relatively bounded with respect to Hq(P — k) — E c \ cc with a relative 



bound zero. Therefore, for e > 0, 

WT^WW < eV2M\\(H (P-k) - E clcc )^\\+C e 

for some finite constant C e > and for ip £ D (H o (0j). 
In order to estimate (H (P — k) — E e \ ec ) i[>, we write 



(4.35) 



(H Q (P-k)-E elec )i> = {H a {P-k)-E a (P) + \k\)^ (4.36) 
+ {E a {P)-\k\)1>-H Ia 1>. (4.37) 
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Thus 



\\(H Q (P-k)-E eUK )il>\\ < \\(H a (P-k)-E a (P) + \k\)^\\ 

+ (\E a (P)\ + \k\) HVII + ||# M P- fe )V| 



(4.38) 



Note that, by (4.5), there exists a finite constant M > such that 
\E a (P)\ <Mfor<7e(0,CT ]. 

By the theorem 2.2 there exist two finite constants a > and /3 > such 
that agi < 1 and 

||ff/ CT (P- fc) V|| < M (« J (#0^ - fc) - ^cicc) V|| + IIVII ) (4-39) 

for \g\ < gi, <j <G (0, cto] and every P and k. 
We get, for some finite constants C > 0, 



||(#o(P - fc) - Peicc) VII < C \\(H a (P -k)- E G {P) + \k\) V|| 

+ (N + i)W 

and by (4.35), 



(4.40) 



||T„(fcM| < C \\(H a (P -k)- E a (P) + \k\) VII 

+ (|fe| + i)W. 



(4.41) 



Now in view of (4.34), we would like to apply (4.41) with 
V = R {E cr (P — k) — E rT (P) + \k\) (p. First we remark that, according to Lemma 
4.3, we have 

|fc| 



E a (P-k)-E a (P) + \k\ > 
for a € (0, ctq], |g| < 52, |-P| < Pi and thus we get 



(4.42) 



\\R(E a (P-k)-E a (P) + \k\)\\ < 
Therefore combining (4.43) and (4.41) we obtain 



1*1 



(4.43) 



\T,{k)R (E a (P -k)- E a {P) + \k\) p|| < C (l + |1) |M| (4.44) 



for every 95 e An 
Thus 



,C 2 )^ 



T. 



\T fl (k)R(E a (P-k)-E a (P) + \k\)\\<C[l + 



\k\ 



(4.45) 
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We easily show that 

N 
3 = 1 



<C\k\ (\ + \x\ 2 )*a{P) 



(4.46) 



<C\k\ (l + \R\ 2 )^a(P) 

We then get for the third term of (4.29), 
R (E a (P -k)- E a (P) + |fc|) £ P ~Me,{k) . JL(p - fc - dT(fc) 

N 

~ 9^A(x i ,p (y ) +gNA (x N +i,Pa)^ 

»=1 

\~ 

<cM|p ff (fc)|(|fc|i + -L > ) (i + |i?| 2 )$ ff (p) 

forae (0,<t ], <.g 2 , |-P| < J=b- 
Similarly, we have for the fourth term of (4.29) 



(4.47) 



r (e„(p -k)- E a (p) + \k\) j2 £ i#^(*) ■ ±- 

/ N \ 

x I - ^fif6j;A(^,p CT ) + qNA (ijv+i i Pa) 



x fe 6 ^ ( e_ * £; N hN+i ( e -* £ "+ 1 - l) ) $ ff (P) 



<cM M fc)|('|A ! |i + -V) (l + |£| 2 )* ff (P) 

T V |fc| 5 / 

(4.48) 

It is easy to verify that the remaining terms of the r.h.s. of, (4.31) associated 
to the remaining ones of (4.29) are also bounded by 

C^\p a (k)\(\k\i + j^j \\(1 + \R\ 2 )^(P) 



This concludes the proof of the lemma 4.5. 



□ 
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Let us remark that the above proof is a little bit formal because of the use 
of the Pull Through formula. But, by mimicking [24] one easily gets a rigorous 
proof. We omit the details. 

The following Lemma allows us to control (1 + \R\2)&a(P) ■ Let 6 = 

dist(S e i ec , a(h)\£ e \ ec > 0}. By (4.5), there exists P 3 > and < g 3 < gi such 
that 



E a {P) < £ c icc +3, for |P| < P 3 and for a e (0, a ] 
C%| < — , for \g\ < ,g 3 



(4.49) 



where C is the constant in (4.5). 

Let A be an interval such that E a {P) e A for \P\ < P 3 and for a € (0, 00] 



and sup A < P olcc + |. 
Thus 



2(5 (5 
£oicc + y - sup A - C"|.g| > — 



for |P| < P 3 and \g\ < g 3 
Let 77 > be such that 



2<5 



< rf < E c i cc + — - sup A - C\g\ 



(4.50) 



(4.51) 



We then have 



Lemma 4.6. 

There exists a finite constant Ma > such that 



(e 



n\RW 



< M A 



(4.52) 



for \P\ < P 3 , \g\ < g 3 and a G (0, a ]- 

The proof of lemma 4.6 easily follows by mimiking the proof of theorem II. 1 
in [7]. 

We denote by P(_] the spectral measure of h and by Pn ph the orthogonal 
projection on f2 ph . We have the following lemma 



Lemma 4.7. 

Fix A € (Peiec, inf Uess(ft-))- There exists S g (X) > suc/i i/iai S g (\) 
g — > and 

/or euery er G (0,cr o ], |P| < P 3 and \g\ < g 3 . 

Proof. Since P Qph H ph = and P 0ph (P - dr(fc)) 2 = P 2 P fiph we get 



when 
(4.53) 



0P[a,co) ® Pn ph )(H a (P) - E a (P)) = P [Ai00) (/i ® /) ® P n 



ph 



+ ( 2M ~ £7 '( P ))^.~) P V + P ^ P ^ H i°( P ) ■ 



(4.54) 
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Applying this last equality to $ CT (P) we get 

= P [A , oo) (/i®/)®Pn ph $ <T (P) 

+ { Wr ^( P )) P [A,oo) ® Pn P MP) ( 4 - 55 ) 
+ P [x ,oo)®Pn ph H Ia (P)$ (r (P) . 
Since hP[ X .oc) > <^P[a.oo) we obtain from lemma 4.3 and (4.4) 

(P [x ,oo)®Pn ph MP) , MP)) < 

F 1 <(ftA,oo)8»Pn ph )gf g (P)$ g (P), <&.(P)) 

for every a e (0, oo], |P| < P 3 and |g| < g 3 . The lemma then follows from (4.56) 
and (4.39). 

□ 

We are now able to conclude the proof of (Hi) of theorem 4.1. We have 

(P^x^Pn^AP) , <MP)) = 

1 - (P[a,oo) ® Po ph * ff (P) , **(P)) (4.57) 
- <1 ® P^JMP) , *.(P)> • 

The second term in the r.h.s. of (4.57) is estimated by lemma 4.7 and, 
noticing that Pq h < N p h, the two last terms are estimated by lemma 4.5 and 
lemma 4.6. Theorem 3.1 then follows by choosing P = inf (Pi, P2, P 3 ) and 
go = inf (gi, p 2 , 53) and from the following Lemma 

□ 

Lemma 4.8. 

H a (P) has a ground state for < a < cr , \P\ < Po and \g\ < go- 
In this lemma we prove the assertion (ii) of theorem 4.1 : for a and P small 
enough, the Hamiltonian with infrared cutoff has a ground state. This result is 
not surprising but the complete proof is long. Actually it follows by mimicking 
[16, 17, 13] (see also [2] and [27]) and, here, we only sketch the proof. 

First we are faced with the lack of smoothness of the e M (fc)'s which define 
vector fields on spheres |fc| =cst (see [26, 18]). It suffices to consider one example. 
From now on suppose that 

1 k 

ei(fc) = -y = = ^ (k 2 , -fci,0) and e 2 (fc) = — A ei(fc) . 

The functions e^(k), p, = 1,2, arc smooth only on R 3 \ {(0,0, fc 3 ) | fc 3 e R}. 
Nevertheless, in our case, we can overcome this problem easily by choosing the 
regularization p a of p as a C°° function whose support docs not intersect the 
line {(0, 0, fc 3 ) | fc 3 € R}. From now on we suppose that it is the case. 

Let w m od(fc) be the modified dispersion relation as defined in ([17], section 
5, hypothesis 3), i.e. : w mo d(fc) is a smooth function satisfying 
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(i) ^mod(fc) > max(|fc|, |) for all k E M 3 , ui mod (k) = \k\ for |fc| > a. 

(ii) |Vw mo d(fc)| < 1 for all k E M 3 , and Vw mo d(fe) 7^ unless k = 0. 

(iii) w mod (fci + fc 2 ) < Wmod(fci) + w mo d(fe) for all k x ,k 2 E M 3 . 
We set 

H ph . mod = X] / w mod(fc)ap(fc)a M (fc)rf 3 fc 

and let H modcr (P) be the same Hamiltonian as in (2.50) except that in (2.51) 
we replace # ph by H ph ^ mod . 

Theorem 2.2, with the same assumption (2.45), is still valid for H modtl7 (P). 
Set E mo ^,j(P) := inf o-(ff mo d,cr(-P)). Then E modj(T (P) still satisfies lemma 4.3 
and (4.13) for the same constants g 2 and P\. Moreover, according to ([17]; thm 
3), E<j(P) — E mo d,a(P) for \P\ < Pi and \g\ < g 2 and E a (P) is an eigenvalue 
of H a (P) if and only if E modv<7 (P) is an eigenvalue of i? m od,o-(-P)- Thus in order 
to prove that H a {P) has a ground state it suffices to prove that E mo ^ a {P) < 
inf cr ess (H modt(T (P)). The proof is by contradiction. 

It follows by proving that, if E modyCF (P) = M a css (H modyCF (P)), then wc 
can construct a sequence of states (4> n ) whose energy converges to E modj(7 (P) 
and that have a non vanishing component along the delocalized photons and 
therefore has an energy which is larger than E modi(T (P) + ^ (c.f. [17] or [2] for 
details). 



5 Proof of theorem 3.2. 

When N < Z the above proof only fails in lemma 5.3 where we used N = Z in 
order to obtain (4.27) and thus (4.26). 

We now haveThis implies that, now, instead of (4.32), we have to consider 



/ N 

P-k- dr(fc) -gJ2 A ({AR)i,Pa) + gZA {[AR) N+U 



(5.1) 



We cannot cancel the singularity — j^- in A(-,p a ) as we have done when 

N = Z by substituting A(-,p a ) for A{-,p a ) and by applying the unitary trans- 
formation U now given by 

U = e - i 9T,f = i-rj-(T,k = ib ] k-Zb ]tN + 1 )A(a,p lr ) ^ ^g^) 

Therefore, in order to estimate all the terms associated with T M (fc), we have 
to suppose that 

Pff(fc)|2 rf 3 fc<oo (5.3) 



|fc|<i \ k \ 3 
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for a e (0, do] . 
Thus we get 



(1®J\# 2 )*„(P) <C\g\([ 



1 



1/2 



|fc| <?* 11*^)11 (5-4) 



for a S (0,<To], |fif| < g 2 and |P| < P 2 . We then conclude the proof of theorem 
3.2 as above by choosing by choosing P = inf (Pi, P 2 ) and g n = inf (gi, g 2 ). 

□ 



6 The hydrogen atom in a constant magnetic 
field. 

We consider a hydrogen atom in M 3 interacting with a classical magnetic field 
B pointing along the x 3 -axis and with a quantized electromagnetic field. 

The index 1 is related with the electron while the index 2 is related with the 
proton. So we introduce in the Hilbert space 

H mag „ = L 2 (R 3 ) <g> L 2 (R 3 ) ® T . 

The hamiltonian is the following one: 

1 / e \ ^ 

iimagn = [Pi - ^B A X 1 - gA(x 1 ,p)J 

+ — ^ (^2 + ^Po Ai 2 + ff^(o;2, p)) 

+ V(ori -a) 2 )®l T l® H ph . 

Here for simplicity, we omit spins and we still replace the charge e in front 
of A(-,p) by the parameter g. V denote the coulomb potential: V(x) = —e 2 \\x. 
The total momentum of the system is given by P = K ® 1 + 1 ® dT(k) where 



e 6 
if = pi + -B A xx + p 2 — -B A x 2 . 



One easily verifies that the 3 components of P commute with ii mag n and 
that [Pj,Pk] = for j, k = 1, 2, 3. Therefore ii magn admits a decomposition as 
a direct integral over the joint spectrum of (Pi, P 2 , P3). 

Remark 6.1. 

In fact K AK = — zPo( e i+ e 2) a^rf i/iree components of P commutes together 
only when the total charge is zero. This explain the difference with the case 
of the electron that we considered in [2] for which we were able to reduce the 
hamiltonian only with respect to the third component of the total momentum. 

In order to obtain a simpler reduced hamiltonian we prefer first to transform 
iimagn in such a way the momentum K is transformed into Pr, the conjugate 
momentum of the center of mass R. 
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Considering the unitary transformation 
with r = x\ — x 2 , one obtains 

U~ 1 KU = P R 
and denoting H magn = U^ 1 H magn U one gets 

~ 1 / TTil 6 \ ^ 

i?magn = 2^7 V ~M Pfi +Pr ~ 2 B ° A r ~ ^^'^J 
+ V(r) <g> 1 + 1 <g> H ph 

where p r = — iV r . 
We have 

[PR, -ffmagn] = 0. 

Therefore the hamiltonian H magD , unitarily equivalent to H magD , admits a 
decomposition as a direct integral over the joint spectrum of the three compo- 
nents ofP = P R <8>l + l<X> dr(fc). We obtain formally 



Jr 



H ~ / H (P) rl 3 P 



on 



/R3 

with 



H magn ~ / L 2 (M 3 )®^d 3 P 

JR 3 



# magn (P) = -L (P - dT(*)) + f > - |P A r - eA Qr, P )) 2 



2mi VM 

e 2 

1 + 1® H ph , 

r 

where p ~ p r . 

Precisely, as usual we replace the charge e by a parameter g in the interaction 
terms and write 

Pmagn(P) = PHyd,o(P) + H magnI (P) 

with, introducing the electronic hamiltonian 



W) = i ( P - l Bo A ^ + i ( P+ l Bo A ^ - 



e 2 
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one has 



H magnfi (p) = h(B ) ® i + — (p - ar(fc)) 2 + 1 ® # ph . 



and 



W(P) = £ (P - dT(*)) (A (-^ r ,p) - A (^ r ,p)) 



+ 2^ A (^ r ' /3 ) 2+ 2^ A (-^ r ' P ) 2 



-^( p - dr ( fc )) B o Ar - 



From [6] we know that the electronic hamiltonian ft. (-Bo) has an isolated 
ground state ip e \. Hence, for \P\ < M, ip c \ (g> f2 p h is the ground state of 
-ffmagn,o(-P) an d remains isolated. Then following the same steps as in sec- 
tion 4 with straightforward adaptation of lemmas 4.2, 4.3 and 4.5 one obtains 
the following theorem 

Theorem 6.2. 

Assume that the cutoff function satisfies (2.7). Then there exist P and go > 
such that for \P\ < Pq and \g\ < go, Hmagn(P) has a ground state with 
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